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1. Introduction
Phenomenological models have been developed for the low energy sector of QCD
which are rather successful in describing hadrons and their properties. Here the
aspect of chiral symmetry is understood much better than that of quark and gluon
confinement. The mechanism for dynamical chiral symmetry breaking is identified
fairly well since the work by Nambu and Jona-Lasinio (NJL)1. For recent reviews on
the application of the NJL-model to low energy QCD, see 2. For the explanation of
confinement many different models have been discussed. We will refer in the present
work to approaches based on the global colour model 3,4,5,6 with nonlocal confin-
ing quark interactions. These approaches address quark and gluon confinement via
the criterion of absence of real q2 poles for the propagators 7, for a review see 5.
Such confining quark models use effective gluon propagators, which have infrared
singularities like 1/k4 or a delta function δ(k) at low energy 7,3,8,9. These phe-
nomenological approaches have proven successful in explaining low energy hadronic
observables 9,6 and in adressing the problem of chiral vs. deconfinement transition
at finite temperatures 10. However, the question for the mechanism which leads to
the infrared singularities of the gluon propagator remains open. There is evidence
from detailed studies 11,12 of the Schwinger-Dyson equations of QCD for a strong
infrared enhancement of the gluon propagator due to the non-Abelian character of
the theory and in particular due to the gluon-gluon self coupling. On the other hand
there are several approaches which relate the confinement problem to the question
of the true physical vacuum of QCD.
In more rigorous treatments of QCD, the problem of the vacuum is well known.
For instance, the simple perturbative vacuum is unstable 13, and there is no stable
(gauge invariant) coherent vacuum in Minkowski space 14. Therefore, in the context
of the construction of a gauge invariant, stable QCD vacuum in Minkowski space,
the squeezed condensate of gluons has become a topic of great interest 15 - 20.
From the physical point of view the squeezed state differs from the coherent one
by the condensation of colour singlet gluon pairs rather than condensation of single
gluons. It has been discussed before that a squeezed vacuum in form of Gaussian
fields 16,17,19 leads to confinement of quarks via the criterion of the linearly rising
static potential 17 and via the area law behaviour of the Wilson loop 19.
The present paper is devoted to the study of confinement as a possible con-
sequence of the squeezed vacuum. Our approach differs from the previous ones
addressing the squeezed vacuum 17,18,19 in the following ways. We will not try
to generate the squeezed vacuum by treating selfinteractions of gluons but we will
use the squeezed condensate as a semi-phenomenological input. In difference to
e.g. 19, where all gauge degrees of freedom are squeezed and only afterwards a
projection to the gauge invariant sector is performed, we shall apply the squeezing
transformation only on the physical degrees of freedom. Furthermore, in contrast
to previous work we discuss confinement by using the criterion of the absence of
poles for the propagators 7 as used in the approaches based on the global colour
model 3. We will prepare the squeezed vacuum by macroscopically populating it
with zero momentum gluon pairs and study the changes in the analytical properties
of the propagators caused by the change of the vacuum structure. This procedure
parallels the original idea by Bogoliubov 21 for the explanation of the Landau sound
in a superfluid liquid according to which the change in the excitation spectrum of
the theory at low energies is due to the condensation of a macroscopic number of
particles in the zero momentum state. As a first step we shall assume, inspired
by the success of the approaches based on the global colour model, that the gluon
selfinteractions in the low energy region only lead to the formation of a squeezed
gluon condensate and include it into an otherwise Abelian approximation to QCD.
For simplicity we shall ignore here the effects of the gluon selfinteractions in the
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high energy region leading to asymptotic freedom. In order to control the infrared
divergence of massless gluons we start in a large finite volume and give the gluons a
small mass inversely proportional to the volume. Finally we take the infinite volume
limit which leads to a Lorentz invariant squeezed condensate of massless gluons and
at the same time to a 4-momentum δ-function interaction between the quarks. A
type of delta function interaction has been considered for the computation of the
meson spectra on the level of Schwinger-Dyson and Bethe-Salpeter equations in
both Minkowski space 7,3,8 and Euclidean space 7,5,3,9. Munczek and Nemirovsky
3 have shown that such a delta function interaction removes the poles of the ef-
fective quark propagator constructed by using the Schwinger-Dyson equation. The
corresponding Bethe-Salpeter equation on the other hand has bound state solutions.
A well-defined massless limit is not straightforward because the covariant prop-
agator of massive vector bosons has a singularity at mass M = 0. Although the
singular term drops out when the massive vector field is coupled to a conserved cur-
rent as in QED, for the explicit construction of the squeezed vacuum it is necessary
to have a physical representation of the vector field such that it smoothly turns into
the gauge field in the massless limit. We shall use the results of 22 where it has been
shown that massive vector theory can be quantized in such a way that its massless
limit agrees with the theory of photons. In contrast to the approach by Stu¨ckelberg
23 where ghost fields are introduced in order to maintain manifest Lorentz covari-
ance, in 22 a massive QED theory with a good massless limit is obtained in the
framework of reduced phase space quantization 24 without introducing any addi-
tional unphysical degrees of freedom, but by choosing certain nonlocal dynamical
degrees of freedom.
The present paper is organized as follows: In Section 2 we briefly review how
quark confinement in the framework of the global colour model has been discussed
by Munczek and Nemirovsky. In Section 3 the squeezed condensate of gluons is
constructed. In Section 4 we derive the effective quark Lagrangian in the presence
of the squeezed condensate. We show that the effective quark interaction induced
by the squeezed condensate is a momentum delta function and relate the strength
of the δ- function interaction to the value of the physical gluon condensate. Section
5 finally contains our conclusions.
2. Quark confinement in the global colour model of QCD
The global colour model 3,4 is a dynamical quark model with an effective current-
current interaction, which includes highly nonperturbative gluon dynamics. It can
describe many features of hadronic physics quite successfully 6. In order to briefly
review how it results from full QCD, we start with the QCD generating functional
ZQCD for Green functions in the absence of external sources
ZQCD =
1
N
∫
DADΨDΨ¯ exp
[
i
∫
d4x (LΨ + LA + LAΨ)
]
. (1)
Here
LΨ = Ψ¯(x) (i 6∂ − mˆ)Ψ(x) (2)
is the quark Lagrangian with the diagonal current mass matrix mˆ and
LA = −
1
4
GaµνGaµν (3)
is the Yang-Mills Lagrangian with the non-Abelian field strength tensor Gaµν ≡
∂µA
a
ν−∂νA
a
µ+gf
abcAbµA
c
ν . We have not included gauge-fixing terms and associated
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quantities explicitly since they are not needed for the purpose of our discussion. The
quark currents Jµa ≡ gΨ¯γµ
λa
2 Ψ are minimally coupled to the gluon fields
LAΨ = A
a
µJ
µ
a . (4)
After integration over the gluon field ZQCD takes the form
ZQCD =
1
N ′
∫
DψDψ¯ exp
[
i
∫
d4xLΨ + iW (J
µ
a )
]
, (5)
where the gluon action functional
W (Jνa ) =
∑
m=2
1
m!
∫
dx1dx2..dxmG
a1....am
ν1...νm
(x1, ...., xm)J
ν1
a1
(x1)...J
νm
am
(xm) (6)
is written as a functional Taylor expansion in terms of the quark currents thus defin-
ing Ga1....amν1...νm (x1, ...., xm) as the connected m-point Green functions for the gluon
field.aIn the global colour model the expansion ofW (Jµa ) is truncated at the level of
the gluon two-point function Gabµν(x−y). Thus the effective current-current coupling
in the global colour model is
WGCM [J
ν
a ] = −
1
2
∫
d4x
∫
d4yJµa (x)G
ab
µν (x− y)J
ν
b (y) , (7)
which represents a four-fermion interaction term. In the Feynman gauge the gluon
propagator simplifies to
Gabµν(x− y) = −iδ
abgµνG(x − y). (8)
Note that for QED the truncation at the level of the two-point function is exact
and G(x − y) corresponds to perturbative one-photon exchange. In QCD, on the
other hand, the two-point function contains highly nonperturbative contributions
due to the gluon selfinteractions, such as the influence of a gluon condensate in the
low energy region and asymptotic freedom in the high momentum limit.
At present it is impossible yet to calculate the nonperturbative gluon propaga-
tor from QCD. In the global colour model, several ansa¨tze have been used 5 for the
nonperturbative gluon propagator. The simplest one, which may lead to quark con-
finement in the sense of absence of poles on the real q2 axis in the quark propagator
has been introduced by Munczek and Nemirovsky 3 in the form
i
4
3
g2
G(q)
(2π)4
= −
1
4
η2δ4(q)− U(q) (9)
Using just the δ- function part of the interaction and the rainbow approximation
for the vertex function, the Schwinger–Dyson equation for the quark self energy
iΣ(q) =
4
3
g2
∫
d4k
(2π)4
G(k − q)γµS(k)γµ , (10)
reduces to an algebraic equation. The solution for the inverse dressed quark prop-
agator is given by
iS−1(q) ≡6q −m− Σ(q) ≡6qA(q) +B(q) , (11)
aThe term with m = 1 does not occur because of the colour neutrality of the vacuum.
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where the solution functions A(q) and B(q) have been found by Muncek and Ne-
mirovsky 3 to conspire in such a way that S−1(q) has no zeros for real q2 > 0, which
according to Refs. 7,3 is signalling confinement. The coefficient η2 = 1.14 GeV2
of the δ-function ansatz (9) has been fixed in 3 by the rho meson mass value ob-
tained from the solution of the corresponding Bethe-Salpeter equation in the ladder
approximationb.
A form of the residual interaction U(q) which reproduces the meson decay con-
stants and provides asymptotic freedom has been given by 9. However it is not yet
known, which approximations have to be made in calculating the effective gluon ac-
tionW [J ] of QCD such that a successful phenomenological model with confinement
and asymptotic freedom like in Ref.9 can be derived.
We shall show in the present paper that it is possible to obtain the delta function
interaction under the assumption that a squeezed condensate of zero-momentum
gluon pairs is present in the QCD vacuum.
3. Construction of a squeezed gluon vacuum
It is a generally believed that the gluon selfinteractions in QCD lead to highly
nontrivial infrared effects such as physical gluon condensation.
The gluon condensate is defined as the expectation value of the local gluonic
operator αsG
a
µν(x)G
µνa(x) in the nonperturbative QCD vacuum 26
〈αsG
2〉 ≡ 〈αsG
a
µν(0)G
µνa(0)〉 . (12)
Approximate empirical values for the physical gluon condensate are the estimate
〈αsG
2〉 ≃ 0.04 GeV4 by Shifman, Vainshtein and Zakharov 26 and the update
average value 〈αsG
2〉 = (0.071± 0.009) GeV4 obtained by Narison 27 in a recent
analysis of heavy quarkonia mass-splittings in QCD.
In the following we shall construct a squeezed gluon vacuum in an explicit way as
a possible approximate model for the true QCD vacuum. The infrared singularity
of the gluons as well as the their selfinteraction are generally believed to be the
origin of the existence of a physical gluon condensate in the QCD vacuum. In
phenomenological approaches based on the global colour model, where full QCD
is truncated at the level of the gluon two-point function, which is correct only for
Abelian theories, the gluon selfinteractions are included in the low energy region
via some confinement term and in the high energy region via a term leading to
asymptotic freedom. Inspired by their success to explain many features of hadronic
physics we shall assume as a first step that the only effect of the gluon selfinteraction
is to ensure the existence and stability of the gluon condensate, and shall consider
an otherwise Abelian approximation to QCD. For simplicity we shall also neglect
the high energy effects due to the gluon selfcoupling such as asymptotic freedom.
In order to isolate the infrared singular zero momentum component of the gluon
field from the nonzero ones we put the theory into a large but finite volume V .
Furthermore, in order to regularize the infrared singularity we shall give the gluons
a small mass. Hence we shall start with the simpler theory of massive Abelian QCD
in a large finite volume and shall show that it is possible to include a squeezed
gluon condensate of zero momentum gluon pairs in the infinite volume limit by
explicit construction. For this we shall let the small mass vanish like 1/V in the
large volume limit after quantization of the theory. By calculating the value of
the gluon condensate in the constructed squeezed vacuum in the zero momentum
bThe ladder approximation for the BSE is consistent with the rainbow approximation for the
Schwinger-Dyson equation (10). In Ref. 25 a consistent approximation scheme beyond the rainbow
- ladder approximation has been developed.
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approximation we shall then find an estimate for the squeezing strength due to the
selfinteraction of the gluons.
3.1. Construction of a squeezed gluon vacuum in Abelian QCD
For the construction of the squeezed vacuum we shall first consider the Lagrangian
of massive Abelian QCD given by
LAbel[M,Vµ,Ψ] = −
1
4
F aµνF
aµν +
1
2
M2V a2µ + Ψ¯(i 6∂ −m)Ψ− J
µ
a V
a
µ , (13)
with the Abelian field strengths F aµν = ∂µV
a
ν − ∂νV
a
µ . In order to construct the
squeezed vacuum as described above, it is necessary to quantize massive Abelian
QCD in such a way that it has a good massless limit. Following the work of 22 we
shall use reduced phase space quantization, where this can be achieved without the
introduction of additional unphysical ghost degrees of freedom.
3.1.1. Reduction to physical variables
The Euler-Lagrange equation correponding to V a0 is not an equation of motion but
a constraint. V a0 is therefore not a dynamical variable and has to be eliminated
using the constraint equation before the remaining reduced phase space can be
quantized. As shown in 22 and briefly reviewed in the Appendix, the reduced
Lagrangian obtained from (13) by eliminating V0 can be expressed in terms of new
nonlocal variables V˜ ak and Ψ˜ as
LredAbel[V˜
a
k , Ψ˜] =
1
2
(
˙˜V
a
i P
−1
ij
˙˜V
a
j + V˜
a
i (
~∂2 −M2)P−1ij V˜
a
j
)
−Jai V˜
a
i +
1
2
Ja0
1
~∂2 −M2
Ja0 +
¯˜Ψ(i 6∂ −m)Ψ˜ . (14)
The nonlocal fields V˜ ak are defined as
V˜ ak = PkjV
a
j (15)
with Pij given by
Pij ≡ δkj −
∂k∂j
~∂2 −M2
= δTij −
M2
~∂2 −M2
δ
||
ij (16)
where we have used the longitudinal and transverse projection operators δ
||
ij ≡
∂i∂j/~∂
2 and δTij ≡ δij − δ
||
ij . In contrast to the massless case, Pij is invertible and
P 2 6= P . The nonlocal fermionic field Ψ˜ is defined as
Ψ˜ ≡ exp
(
ig
λa
2
1
~∂2 −M2
∂iV
a
i
)
Ψ . (17)
Since this is only a phase transformation, the corresponding currents Jaµ remain
unchanged.
The nonlocal fields V˜ ai differ from the standard local ones V
a
i in that their
longitudinal components are shortened relative to those of V ai . In the massless limit
they are shortened to zero i.e. projected out and hence reduce to the corresponding
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transverse gauge fields. The zero momentum modes of the nonlocal fields on the
other hand coincide with those of the local vector field, since Pij(~q = 0) = δij :
lim
M→0
(
V˜ ai (t, ~p = 0), Π˜
a
i (t, ~p = 0)
)
= (Aai (t), E
a
i (t))
lim
M→0
(
V˜ ai (t, ~p), Π˜
a
i (t, ~p)
)
=
(
ATai (t, ~p), E
Ta
i (t, ~p)
)
~p 6= 0 (18)
with the three spatial zero momentum components Aai and E
a
i and the two trans-
verse nonzero momentum components ATai and E
Ta
i of the gauge fields and the
corresponding canonically conjugate electric fields. For a small mass we can re-
gard the massive nonlocal field as a smooth interpolation between the three gauge
invariant zero momentum components and the two transverse components of the
high momentum limit. In this scenario one could therefore conclude that the zero
momentum component of the Abelian gauge field has three dynamical degrees of
freedom in contrast to the non zero momentum components which have only two
transverse degrees of freedom.
In order to construct the squeezed gluon vacuum via a canonical transformation
we shall now pass to the Hamiltonian formalism. The Hamiltonian corresponding to
(14) is given in terms of the fields V˜ ai , Ψ˜ and the corresponding canonical momenta
Π˜ai , Π˜ by
HredAbel = H0 +H
′ , (19)
where the free and interacting parts read
H0 =
∫
d3~x
{
1
2
(
Π˜ai PijΠ˜
a
j − V˜
a
i (
~∂2 −M2)P−1ij V
P
j
)
+ Π˜aγ0(~γ · ~∂ +m)Ψ˜
}
(20)
H ′ =
∫
d3~x
(
V˜iJi −
1
2
J0
1
~∂2 −M2
J0
)
. (21)
Note that the second term in H ′ corresponds to a Yukawa potential.
The theory is now quantized in terms of the nonlocal V˜ ai (x) and the canonical
conjugate momenta Π˜ai by imposing the canonical commutation relations
i[Π˜ak(~x, t), V˜
b
j (~y, t)] = δ
abδkjδ(~x − ~y). (22)
The free Hamiltonian is diagonalized by the interaction picture fields
v˜ai (~x, t) =
1
V
∑
~q
1√
2ω(~q)
∑
λ=1,2,3
(
aa(λ, ~q)ǫ˜i(λ, ~q)e
−i(ω(~q)t−~q·~x) + h.c.
)
,
π˜ai (~x, t) = −i
1
V
∑
~q
√
ω(~q)
2
∑
λ=1,2,3
(
aa(λ, ~q)ǫi(λ, ~q)e
−i(ω(~q)t−~q·~x) − h.c.
)
, (23)
with the creation and annihilation operators satisfying
[aa(λ, ~q), a
+
b (λ
′, ~q′)] = δabδλλ′ (2π)
3δ(~q − ~q′) , (24)
and with the real nonlocal polarization vectors ǫ˜i(λ, ~q) and ǫi(λ, ~q) satisfying the
completeness relations∑
λ
ǫ˜i(λ, ~q)ǫ˜j(λ, ~q) = δij −
qiqj
~q2 +M2
,
∑
λ
ǫi(λ, ~q)ǫj(λ, ~q) = δij +
qiqj
M2
. (25)
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3.1.2. A simple model for the squeezed vacuum
From the representation (23) we obtain the following expressions for the vacuum
expectation values of squares of the zero momentum components of the nonlocal
vector fields and their conjugate momenta in the limit of small mass M
lim
M→0
〈0|v˜ai (~q = 0)
2|0〉 = 〈0| (Aai )
2
|0〉 =
12
MV
, (26)
lim
M→0
〈0|π˜ai (~q = 0)
2|0〉 = 〈0| (Eai )
2
|0〉 =
12 M
V
, (27)
using the massless fields Aai and E
a
i according to (18). Note that the vacuum
expectation values of these zero momentum components are Lorentz invariant ex-
pressions as discussed in the Appendix. For M = 0 the first term is singular which
corresponds to the well known infrared problem common to all massless theories.
One way to regularize the infrared singularity is to have a volume dependent mass
Msq(V ) which vanishes in the infinite volume limit. One particular regularizing
choice is to let Msq behave inversely proportional to the volume,
Msq = 1/(2C0V ) , (28)
with some open parameter C0, which will be fixed below. The corresponding Fock
vacuum turns into the squeezed vacuum as will be shown in the following. We denote
the vacuum corresponding to the mass (28) by |0sq〉. Using the mass dependence
(28) in (27) one easily finds the following expectation values for the squares of Aai
and Eai in the infinite volume limit
〈0sq| (A
a
i )
2
|0sq〉 = 24 C0 ,
〈0sq| (E
a
i )
2
|0sq〉 = O(V
−2) . (29)
Such vacua are called squeezed vacua 15-20.
In order to understand the meaning of the squeezed vacuum better it is useful
to consider for comparison the case of a perturbative vacuum |0〉 corresponding to a
very small but finite and volume independent massM . For a large finite volume the
squeezed vacuum |0sq〉 can be related to the perturbative vacuum |0〉 by a unitary
transformation
|0sq〉 = U
−1
sq |0〉 , (30)
whose action on the zero momentum components of the fields is given by the unitary
squeezing operator
U (0)sq = exp
[
i
f0
2
(
Aai E
a
i + E
a
i A
a
i
)]
(31)
with the squeezing parameter
f0 =
1
2
ln (2MC0V ) . (32)
We see that the coefficient C0 is a measure of the squeezing strength and is an
open parameter to be fixed below. The squeezing operation (31) corresponds to a
Bogoliubov transformation. Bogoliubov 21 used such a transformation for nonzero
momentum modes to rediagonalize the Hamiltonian after having macroscopically
filled the zero-momentum mode with single particles. In difference to such a homo-
geneous coherent condensate which corresponds to a shift of the zero-momentum
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field operator by a macroscopic c-number, the homogeneous squeezed condensate
(29) is obtained by the multiplicative operation on the zero momentum modes:
U (0)sq A
a
iU
(0)−1
sq = e
f0Aai ,
U (0)sq E
a
i U
(0)−1
sq = e
−f0Eai . (33)
Like the coherent transformation, the squeezing transformation is a canonical one,
since it leaves the canonical commutator invariant. Although it is possible in a finite
volume to relate the squeezed vacuum |0sq〉 to the perturbative vacuum |0〉 via the
unitary squeezing operator, it is important to note that these two vacua become
unitarily inequivalent in the infinite volume limit 28.
3.2. Gluon selfinteraction and the stability of the squeezed vacuum
After having constructed a squeezed gluon vacuum in an explicit way we shall
see that the gluon selfinteraction is a necessary condition for the stability of the
squeezed vacuum as a candidate for the true QCD vacuum. For this reason we shall
now relate the coefficient C0 to the value of the gluon condensate in our model of
the squeezed vacuum. Neglecting the nonzero momentum modes we find for the
value of the gluon condensate in the squeezed vacuum
〈0sq|αsG
a
µνG
aµν |0sq〉zero mom = 2〈0sq|αs (B
a
i )
2
|0sq〉 − 2〈0sq|αs (E
a
i )
2
|0sq〉 (34)
where we have written Bai ≡ gǫijkf
abcAbjA
c
k. Noting that the expectation value of
the electric field in the squeezed condensate vanishes, see (29), and using Wick’s
theorem to express the expectation value of the magnetic field in terms of the
contraction C0 we obtain
〈0sq|αsG
a
µνG
aµν |0sq〉zero mom = 2α
2
s
N2c − 1
3Nc
(3NcC0)
2
. (35)
We see here that in our model of a squeezed vacuum of zero momentum gluon pairs
the self interaction of the gluons is essential for the coefficient C0 to be nonzero. In
an Abelian model C0 would be zero and the squeezed gluon vacuum constructed in
the last paragraph unstable. One can regard the squeezed condensate as a tool for
integrating out gluons including nonperturbative infrared effects.
4. Effective quark action in the squeezed gluon vacuum
In this section we shall derive the effective quark action of Abelian QCD in the
presence of the squeezed condensate constructed in the last section.
4.1. Integrating out the gluon fields
We write the generating functional for the massive Abelian QCD model defined in
(13) in the form
ZAbel[M ] =
∫
DADΨDΨ¯ exp
[
i
∫
d4xLAbel[M ]
]
≡
∫
DΨDΨ¯Z[J,M ] exp
[
i
∫
d4xLΨ
]
(36)
with the generating functional Z[J,M ] originating from integrating out the gluons.
From the expression (19) for the reduced Hamiltonian we obtain in a large but finite
volume V
ZV [Jµ,M ] = Z
(1)
V [J0] · Z
(2)
V [Ji] (37)
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with the two parts
Z
(1)
V [Ji,M ] = 〈0|T exp
(
i
∫
d3x
∫
dtv˜ai J
a
i
)
|0〉 , (38)
Z
(2)
V [J0,M ] = exp
[
−
i
2
∫
dt
∫
d3x
∫
d3yJa0 (~x, t)
e−M|~x−~y|
4π|~x− ~y|
Ja0 (~y, t)
]
. (39)
Using Wick’s theorem we can write
Z
(1)
V [Ji,M ] = exp
{
−
1
2
∫
d4x
∫
d4yJai (x)〈0|T v˜
a
i (x)v˜
b
j (y)|0〉J
b
j (y)
}
(40)
with the causal Green function
〈0|T v˜ai (x)v˜
b
j(y)|0〉 = δ
abδij
e−iM|x0−y0|
2MV
+
+δab
1
V
∑
q 6=0
ei~q·(~x−~y)
e−iω(~q)|x0−y0|
2ω(~q)
(
δij −
qiqj
~q2 +M2
)
,(41)
where
ω(~q) =
√
~q2 +M2 . (42)
With these results for a large finite volume in hand we shall now study the infinite
volume limit Z[J ] ≡ limV→∞ ZV [J ] for the two different cases, the perturbative and
the squeezed vacuum. For the first case we keep the mass M finite while taking the
infinite volume limit and only afterwards set M = 0. For the case of the squeezed
vacuum on the other hand we vary the mass M = 1/2C0V with the volume V
according to (28).
4.2. Generating functional for the perturbative vacuum
For the case when M is nonvanishing and constant with respect to V , we find in
the infinite volume limit the standard result
lim
V→∞
〈0|T v˜ai (x)v˜
b
j(y)|0〉 = δ
ab
∫
d3~q
(2π)3
ei~q·(~x−~y)
e−iω(~q)|x0−y0|
2ω(~q)
(
δij −
qiqj
~q2 +M2
)
= δab
∫
d4q
(2π)4
i
e−iq(x−y)
q2 −M2 − iǫ
(
δij −
qiqj
~q2 +M2
)
≡ δabD˜ij(M ;x− y). (43)
Formula (40), with (43) inserted, together with (39) yields the corresponding gen-
erating functional
Z[Jµ,M ] = exp
{
−
1
2
∫
d4x
∫
d4yJµa D˜µν(M ;x− y)J
ν
a (y)
}
(44)
with
D˜µν(M ;x− y) ≡ δµ0δν0D˜00(M ;x− y) + δµiδνjD˜ij(M ;x− y) , (45)
where the spatial components D˜ij(M ;x − y) are given by (43) and the time com-
ponents are defined by
D˜00(M ;x− y) ≡ −
e−M|~x−~y|
4π|~x− ~y|
=
∫
d4q
(2π)4
i
e−iq·(x−y)
~q2 +M2
, (46)
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corresponding to the Yukawa potential in (39). Taking nowM = 0, after the infinite
volume limit, and noting that the Abelian Jaµ are conserved, we find the standard
generating functional for the perturbative gluon vacuum
Zpert[Jµ] = exp
{
−
1
2
∫
d4x
∫
d4yJµa (x)D(x − y)J
µ
a (y)
}
(47)
with the Feynman gauge gluon propagator
D(x − y) ≡ −i
∫
d4q
(2π)4
e−iq·(x−y)
q2 + iǫ
. (48)
4.3. Generating functional for the squeezed gluon vacuum
In the case of a squeezed vacuum withMsq = C0/(2V ), the two-point Green function
(41) becomes in the infinite volume limit
lim
V→∞
< 0sq|T v˜
a
i (x)v˜
b
j (y)|0sq > = δ
ab
(
D˜ij(M = 0;x− y) + δijC0
)
. (49)
The extra constant term C0 is due to the presence of the squeezed condensate.
Using (40) and (39), now with (49) instead of (43), we obtain c
Zsq[Jµ] = Zpert[Jµ] · exp
[
−
C0
2
(∫
d4xJaµ(x)
)2]
(50)
with Zpert[Jµ] given by (47). In order to obtain the corresponding effective quark
action it is useful to write the squeezed generating functional (50) in the form
Zsq[Jµ] = exp
{
−
1
2
∫
d4x
∫
d4yJµa (x)Dsq(x− y)J
µ
a (y)
}
(51)
with the covariant squeezed propagator
Dsq(x − y) ≡ D(x− y) + C0 , (52)
where D(x− y) is the Feynman gauge gluon propagator (48).
4.4. Effective quark-quark interaction
From (51) we obtain the effective quark action
W effsq [Ψ, Ψ¯] =
∫
d4xLΨ +Wsq[Ψ, Ψ¯] , (53)
where
Wsq[Ψ, Ψ¯] ≡ −i lnZsq =
1
2
i
∫
d4x
∫
d4yJµa (x)Dsq(x− y)J
µ
a (y) , (54)
cDue to the assumption of global colour neutrality of the vacuum in our model, we can make use
of the identity 1 = exp
{
− C0
[ ∫
d4xJa
0
(x)
]2
/2
}
in order to write Zsq[Jµ] in a covariant form.
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with Dsq(x − y) ≡ D(x − y) + C0. Eq. (54) represents a modified current-current
interaction where in addition to the ordinary bilocal coupling a permanent and
nonlocal coupling of currents with the strength C0 occurs due to the presence of the
squeezed condensate. It represents the zero momentum sector of the theory and is
due to the presence of the squeezed condensate.
Fourier transformation of the four-quark interaction term leads to
Wsq[Ψ,Ψ] = i
g2
2
∫
d4k1
(2π)4
...
d4k4
(2π)4
Ψ(k1)
λa
2
γµΨ(k2)Dsq(k1 − k2)
(2π)4δ4(k1 − k2 + k3 − k4)Ψ(k3)γµ
λa
2
Ψ(k4) , (55)
with
Dsq(q) =
[
i
q2 + iǫ
+ (2π)4δ4(q)C0
]
. (56)
The first term corresponds to the usual propagator of a massless boson. It is respon-
sible for perturbative interactions at large momentum transfer. The second term is
a delta function interaction which may lead to quark confinement as discussed by
Munczek and Nemirovsky 3.
We shall now compare our coefficient of the delta function contribution to the
quark interaction (56) with that by Munczek and Nemirovsky 3, see Eq. (9). This
allows us to express the coefficient η2 in terms of the squeezed condensate parameter
C0 as
η2 =
16g2
3
C0 =
64παs
3
C0 . (57)
Using the relation (35) which gives the parameter C0 in terms of the gluon conden-
sate 〈αsG
2〉no quarks in absence of quarks,
C0 = α
−1
s
√
1
576π
〈αsG2〉no quarks (58)
and taking into account the fact that the values of the gluon condensate with and
without quarks are related via a suppression factor γ
〈αsG
2〉phys = γ〈αsG
2〉no quarks , (59)
we obtain the following relation between η2 and the physical gluon condensate
η2 =
8
9
√
π
γ
〈αsG2〉phys . (60)
Using the SVZ value αsG
2 = 0.04 GeV4 26 and γ = 1/3 (1/2) 29 we find the
η2 = 0.54 (0.44) GeV2 respectively. Recently, Narison 27 has ponited out that the
SVZ value might be too small. In his analysis of heavy quarkonia mass splittings
in QCD he found an update average value αsG
2 = (0.071 ± 0.009) GeV4. The
corresponding values of η2 according to (60) are η2 = 0.73 (0.59) GeV2 for γ =
1/3 (1/2) respectively. Comparing these with the value η2 = 1.14 GeV2 obtained
by Munczek and Nemirovsky 3 from the fit to experimental meson spectra, we find
rather good agreement. The deviation by a factor of about two is not too bad in
view of the simple models used.
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5. Conclusions
The squeezed gluon condensate has become an attractive topic of research in the last
years as an interesting alternative to existing models of the QCD gluon vacuum, see
e.g. 19. It is of interest to see which consequences the existence of a squeezed gluon
condensate has for observable quantities. One possibility has already been discussed
in the earlier work 20, where it has been found that a squeezed gluon vacuum can
indeed explain the large mass of the η′ quite successfully. In the present work we
have considered another consequence, its influence on the quark-quark interaction.
This would open the possibility to understand the phenomenological approach by
Munczek and Nemirovsky. Including the gluon selfinteractions in the low energy
region into an Abelian approximation to QCD in form of a squeezed gluon conden-
sate we were able to obtain the δ-function type confining part of the effective gluon
two-point function. Furthermore we were able to estimate the strength η2 of this in-
teraction from the existing values of the physical gluon condensate. With the recent
estimate of the value of the gluon condensate by Narison we have obtained a value
of η2 which is only a factor of about two smaller than that obtained by Munczek
and Nemirovsky in their analysis of meson spectra, which is quite encouraging in
view of the simple models used.
We have here only considered a squeezed condensate of pairs of zero momentum
gluons. An interesting extension of the present work would be to include nonzero
momentum gluon modes also. We would then have to generalize the contraction C0
to the momentum dependent C(q) to include pairs of nonzero relative momentum.
One could then try to get more detailed information about the effective confining
quark-quark interaction in the QCD vacuum beyond the momentum δ-function
originating from the zero momentum gluon pairs in the condensate. Of course
the question of the gauge invariance and Lorentz invariance of the corresponding
condensate of gluon pairs will be more difficult. Investigations to obtain a gauge
invariant Hamiltonian in the low energy approximation are in progress 30.
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Appendix A Reduced phase space quantization of massive gauge theory
Appendix A.1. Reduction of the Lagrangian
In this Appendix we recall the method of reduced phase space quantization for the
case of massive Abelian QCD following Ref.22. This approach is particularly useful
for studies of the massless limit as performed in the main text. The classical action
of massive Abelian QCD is
W =
∫
d4xL(x) =
∫
d4x
[
−
1
4
F aµνF aµν +
1
2
M2V a2µ + Ψ¯(i 6∂ −m)Ψ− J
µ
a V
a
µ
]
(A.1)
with the Lorentz, but not gauge invariant Lagrangian LAQCD(x) and the Abelian
field strengths F aµν = ∂µV
a
ν − ∂νV
a
µ .
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The Euler-Lagrange equations for V a0
δW
δV a0
= 0 (A.2)
are not equations of motion but constraints
(~∂2 −M2)V a0 = −∂iV˙
a
i + J
a
0 . (A.3)
The fields V a0 are therefore not dynamical variables and have to be eliminated using
the constraint equations before the remaining reduced phase space can be quantized.
The constraint equations correspond in the massless limit to the Gauss laws. They
can be formally solved for V a0 by
V a0 [
~V , J0] =
1
~∂2 −M2
(−∂iV˙
a
i + J
a
0 ) (A.4)
and inserted into the original Lagrangian. We have abbreviated
1
~∂2 −M2
f(~x) = −
1
4π
∫
d3~y
e−M|~y−~x|
|~y − ~x|
f(~y). (A.5)
The electric field strengths Eak then become
Eak [
~V ] = −Pkj V˙
a
j −
1
~∂2 −M2
∂kJ
a
0 (A.6)
with
Pij ≡ δij −
∂i∂j
~∂2 −M2
= δTij −
M2
~∂2 −M2
δ
||
ij , (A.7)
where we have used the longitudinal and transverse projection operators δ
||
ij ≡
∂i∂j/~∂
2 and δTij ≡ δij − δ
||
ij . In contrast to the massless case, P
2 6= P , and Pij is
invertible
P−1ij = δ
T
ij −
~∂2 −M2
M2
δ
||
ij = δij −
∂i∂j
M2
. (A.8)
Inserting this into W we obtain the reduced Wred
Wred[~V ,Ψ] =
∫
d4xLred ≡
∫
d4x
(
LVred + L
Ψ
red
)
(A.9)
with
LVred =
1
2
(
V˙ ai Pij V˙
a
j + V
a
i (
~∂2 −M2)PijV
a
j
)
LΨred =
1
2
Ja0
1
~∂2 −M2
Ja0 − J
a
0
(
1
~∂2 −M2
∂iV˙
a
i
)
− V ai J
a
i + Ψ¯(i 6∂ −m)Ψ ,
with Pij given by (16).
We have several choices for the dynamical variables. Following 22 we can elimi-
nate the second term in LΨred by introducing the new fermionic variable
Ψ˜ ≡ exp
(
ig
λa
2
1
~∂2 −M2
∂iV
a
i
)
Ψ . (A.10)
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Since (A.10) is only a phase transformation, the corresponding current Jaµ stay the
same and LΨred becomes
LΨred =
1
2
Ja0
1
~∂2 −M2
Ja0 − J
a
i
(
δij −
∂i∂j
~∂2 −M2
)
V aj +
¯˜Ψ(i 6∂ −m)Ψ˜ . (A.11)
In terms of the nonlocal variables V˜ ak = PkjV
a
j with Pij given by (A.7) the reduced
Lagrangian can be written
Lred =
1
2
(
˙˜V
a
i P
−1
ij
˙˜V
a
j + V˜
a
i (
~∂2 −M2)P−1ij V˜
a
j
)
−Jai V˜
a
i +
1
2
Ja0
1
~∂2 −M2
Ja0 +
¯˜Ψ(i 6∂ −m)Ψ˜ . (A.12)
The corresponding canonical conjugate momenta are
Π˜ai ≡
δL
δ ˙˜V
a
i
= P−1ij
˙˜V
a
j ,
Π˜ ≡
δL
δ ˙˜Ψ
= iΨ˜+ . (A.13)
The nonlocal variables V˜ ai and Ψ˜ smoothly turn into the photon field in the massless
limit. The correponding reduced Hamiltonian is found as
Hred ≡ H0 +H
′ (A.14)
with the free and interaction parts
H0 =
∫
d3~x
{
1
2
(
Π˜ai PijΠ˜
a
j − V˜
a
i (
~∂2 −M2)P−1ij V
P
j
)
+ Π˜aγ0(~γ · ~∂ +m)Ψ˜
}
,
H ′ =
∫
d3~x
(
V˜iJi −
1
2
J0
1
~∂2 −M2
J0
)
.
Note that the second term in H ′ corresponds to a Yukawa potential.
Appendix A.2. Quantization
The theory is now quantized in terms of the nonlocal V˜ ai (x) by imposing the canon-
ical commutation relations
i[Π˜ak(~x, t), V˜
b
j (~y, t)] = δ
abδkjδ(~x − ~y). (A.15)
It has been shown in 22 that the corresponding Poincare´ algebra is fulfilled on both
the classical and the quantum level. The free Hamiltonian is diagonalized by the
interaction picture fields
v˜ai (~x, t) =
1
V
∑
~q
1√
2ω(~q)
∑
λ=1,2,3
(
aa(λ, ~q)ǫ˜i(λ, ~q)e
−i(ω(~q)t−~q·~x) + h.c.
)
,
π˜ai (~x, t) = −i
1
V
∑
~q
√
ω(~q)
2
∑
λ=1,2,3
(
aa(λ, ~q)ǫi(λ, ~q)e
−i(ω(~q)t−~q·~x) − h.c.
)
,
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with the creation and annihilation operators satisfying
[aa(λ, ~q), ab+(λ′, ~q′)] = δabδλλ′(2π)
3δ(~q − ~q′) (A.16)
and with the real nonlocal polarization vectors
ǫ˜i(λ, ~q) ≡ Pij(q)ǫj(λ, ~q) . (A.17)
Here
Pij(q) = δij −
qiqj
~q2 +M2
(A.18)
is the Fourier transform of the operator (A.7) and ǫi(λ, ~q) the spatial components
of the real covariant orthonormal polarization vectors ǫµ(λ, ~q) satisfying ǫµ(λ, ~q) ·
ǫµ(λ
′, ~q) = δλλ′ , q · ǫµ(λ, ~q) = 0 and the completeness relation
∑
λ ǫµ(λ, ~q)ǫν(λ, ~q) =
−
(
gµν − qµqν/M
2
)
. For the nonlocal ǫ˜i(λ, ~q) we therefore have the corresponding
completeness relation ∑
λ
ǫ˜i(λ, ~q)ǫ˜j(λ, ~q) = δij −
qiqj
~q2 +M2
. (A.19)
This leads to the free propagator
〈0|T v˜ai (~x, x0)v˜
b
j(~y, y0)|0〉 = iδ
ab 1
V
∑
~q
∫
dq0
(2π)
e−iq·(x−y)
q2 −M2 + iǫ
(
δij −
qiqj
~q2 +M2
)
≡ δabD˜ij(M ;x− y) . (A.20)
Combining this with the Yukawa term in H ′ defining
D˜00(M ;x− y) ≡ i
1
V
∑
~q
∫
dq0
(2π)
e−iq·(x−y)
~q2 +M2
, (A.21)
we obtain the complete momentum space propagator
D˜µν(M ; q) =
δµ0δν0
(~q2 +M2)
+
δµiδνj
q2 −M2 + iǫ
(
δij −
qiqj
(~q2 +M2)
)
. (A.22)
It is the generalization of the photon propagator in Coulomb gauge QED. In differ-
ence to the conventional covariant massive vector propagator
Dµν(M ; q) = −
δab
q2 −M2 + iǫ
(
gµν −
qµqν
M2
)
. (A.23)
the reduced propagator (A.22) is regular in the limit M → 0. When the vector
field is coupled to a conserved fermion current qµJ
ν = 0 and when no squeezed
condensate is present as in QED, the two ways of quantization, local and nonlocal,
conincide, since JaµD˜
ab
µνJ
b
ν = JµDµνJν . For the study of the infrared behaviour and
in particular in order to construct a squeezed gluon vacuum it is necessary to have
the regular form (A.22) of the vector field propagator as discussed in the main text.
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Appendix A.3. Lorentz transformation properties
Finally we would like to mention that the following quantum Lorentz transformation
properties of the field operators v˜ak and π˜
a
k have been derived
22
δLv˜
a
k = ǫi(xi∂t + t∂i)v˜
a
k − ∂k
1
~∂2 −M2
ǫi ˙˜v
a
i (A.24)
δLπ˜
a
k = ǫi(xi∂t + t∂i)π˜
a
k + ǫi∂i(P
−1
ks v˜
a
s ) + ǫk∂i(P
−1
is v˜
a
s ) . (A.25)
This shows that the zero momentum components of the nonlocal fields and their
canonical momenta are invariant under Lorentz boosts.
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